For nite sets A; B N , the set of positive integers, consider the set of least common sharper than Behrend's well{known inequality. This in turn is a generalisation of an earlier inequality of Rohrbach and Heilbronn, which settled a conjecture of Hasse concerning an identity due to Dirichlet. Our second inequality does not seem to have predecessors.
Introduction
In addition to the notions presented in the abstract we need the following. For the numbers u; v 2 N we write ujv if u divides v . In case (u; v) = 1 u and v are said to be relatively prime. If u v , then we set < u; v >= fu; u + 1; : : :; vg , and for any A N we set A n = A \ < 1; n > and jAj for the cardinality of A . The asymptotic density dA of A is de ned by dA = lim n!1 jA n j n ; (1.1) if the limit exists.
We associate with A the set of multiples M(A) = fm 2 N : ajm for some a 2 Ag In this terminology Behrend's inequality ( 4] 
Auxiliary results
The two lemmas of this section are used in the proofs of the inequalities. Equivalent formulations are presented, because they may be used elsewhere. We adapt the notation mA = fma : a 2 Ag: 
Proof of the inequality dM(A; B)dM A; B] dM(A) dM(B)
We proceed by induction on T = After cancellation of the factor dM(L) this last inequality holds by Lemma 2.
Proof of the inequality dM(A)dM(B) dM(A B)
We proceed again by induction on T = which obviously holds, because d is monotonically increasing in sets.
On the characterisation of equality in dM(A)dM(B) dM A; B] dM(A; B) .
For many of the basic inequalities in mathematics conditions are known, which completely specify the cases of equality. We have mentioned that this is also the case for the predessor of the inequality stated above. However, for itself it turns out that the characterization of equality constitutes a formidable task. Comparable instances are discussed in 9].
In the present case, however, we do have a necessary condition or in short a criterion for equality. It is stated as Lemma 3 below.
We denote by E the set of pairs for which equality holds. It is clear that instead of pairs fA; Bg it su ces to consider pairs P(A); P(B) of primitive sets (see (1.4) ). Let E 0 be the set of those for which equality holds. Consider now any fA; Bg C) ).
An inspection of the proof of our inequality in Section 3 shows that fA; Bg 2 E occurs exactly if the following six relations hold.
( Now we use (6) Remark: An algorithm for deciding on equality for a given pair fA; Bg can be found in the preprint 11]. It is based on the criterion in Lemma 3.
